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In this paper, we summarize our experimental observations on complex-oscillatory spiral waves that arise in
a Belousov-Zhabotinsky �BZ� reaction-diffusion system. The observed wave structures generically bear line
defects across which the phase of local oscillation changes by a multiple of 2�. The local oscillation at every
spatial point along a line defect of period-2 �P-2� oscillatory media is period-1 �P-1� oscillatory. For the
homogeneous BZ reaction can be excitable, simply periodic, complex periodic, or chaotic as the control
parameters are tuned, a number of different complex wave states are revealed. A two-dimensional phase
diagram, which includes domains of P-2 oscillatory spirals, intermittently breathing spirals, period-3 �P-3�
oscillatory spirals, two different types of mixed-mode periodic spirals, and line-defect-mediated turbulence, is
constructed. Several different transitions among different dynamic states are described systematically. In all
cases, line defects are found to play an important role.
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I. INTRODUCTION

As a generic feature of diffusively coupled reactive me-
dia, spiral waves have been studied in a variety of different
physical, chemical, biological, and mathematical model sys-
tems. Examples are ubiquitous in nature, ranging from sev-
eral different nonlinear chemical reactions �1–11�, aggregat-
ing populations of slime molds �12–16�, intracellular calcium
waves in oocytes �17�, cardiac tissues �18–26�, to brain slice
preparations �27–29�. There has been much interest in these
wave structures since they are universal feature of oscillatory
media in general. They are also considered as a starting point
in understanding general rules governing nonequilibrium
pattern dynamics. Moreover, understanding their various
properties have immediate implications in the related issues
of biology. Although a large body of literature exists on this
subject, we find that past studies have been mostly focused
on spiral waves that form in either excitable or simply �i.e.,
period-1 �P-1�� oscillatory media.

A series of recent numerical simulation studies by Gory-
achev et al., however, has gone beyond these popularly stud-
ied parameter regimes deeper into complex-oscillatory states.
As a result, they have found a host of new interesting
structures—complex-oscillatory spiral waves. While most
previous studies have used generic two-species models like
the FitzHugh-Nagumo equation for simplicity �9,30–33�,
Goryachev et al. have employed nonlinear model systems
having three state variables therefore to make various com-
plex oscillations become possible �34–39�. One of their ear-
lier findings, namely, a P-2 oscillatory spiral wave in a
Willamowski-Rössler reaction-diffusion model system, is re-

produced in Fig. 1�a�. The used model is
�c��r�,t�

�t =R� �c��r� , t��
+D�2c��r� , t�, where c��r� , t� is the concentration vector, D is

the diffusion coefficient, and R� �c��r� , t�� describes the local
reaction kinetics: dcx�t� /dt=�1cx−�−1cx

2−�2cxcy +�−2cy
2

−�4cxcz+�−4, dcy�t� /dt=�2cxcy −�−2cy
2−�3cy +�−3, dcz�t� /dt

=−�4cxcz+�−4+�5cz−�−5cz
2, where �±i are the rate constants.

The rate constants are fixed to be: �1=31.2, �−1=0.2, �−2
=0.1, �3=10.8, �−3=0.12, �4=1.02, �−4=0.01, �5=16.5, and
�−5=0.5. Only �2 is varied as a control parameter. Numerical
simulations are conducted with a forward Euler method �D
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FIG. 1. Single P-2 oscillatory spiral wave in a Willamowski-
Rössler reaction-diffusion system: �a� gray-scale snapshot image
visualizing the scalar field CZ; �b� a processed image revealing
the underlying line defect �black line� of �a�, �2=1.53; �c� local
time series acquired at two neighboring points A and B near the
line defect and the corresponding time-delayed maps. The image
processing scheme associated with the frame in �b� is explained in
Sec. II.
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=0.1�t=10−3� in a disk domain of radius 256 using no flux
boundary condition.

In its simple P-1 oscillatory regime, the model system can
sustain a typical P-1 oscillatory spiral wave that rotates regu-
larly around its core. An interesting question is then what
will happen to this regular spiral wave as the homogeneous
kinetics �i.e., local dynamics� undergoes a period-doubling
bifurcation. The answer is now well established: the initial
P-1 spiral wave transforms to a P-2 oscillatory spiral wave as
depicted in Fig. 1. As this unusual spiral structure rotates
about its core, a sequence of waves with two alternating
amplitudes emanate from the core in succession. The local
time series shown in Fig. 1�c� clearly supports the existence
of these two alternating peaks. The most notable feature that
distinguishes this P-2 oscillatory spiral wave from a regular
P-1 oscillatory spiral wave is the existence of line defect, as
shown in Fig. 1�b�. The black line structure that connects the
core to the boundary of the system is revealed by processing
a sequence of snapshot raw images �details in Sec. II D�—
the black �white� marks the area in which P-1 �P-2� oscilla-
tion takes place.

From the viewpoint of local dynamics, an interesting situ-
ation arises as one approaches this line defect from above or
from below. The local time series �Fig. 1�c�� acquired at two
neighboring locations A �above the line defect� and B �below
the line defect� both exhibit an almost identical copy of P-2
oscillation. However, they are out of phase by a factor of 2�.
By crossing the line defect, say from A to B or vice versa,
the local oscillation slips rather rapidly over a short distance
by an amount of 2�. Roughly speaking, at the middle point
in between A and B, the two loops of corresponding P-2
cycle merge and swap their positions. Right at this spatial
point, the local dynamics becomes P-1 oscillatory. The line
defect is nothing but a collection of such points being con-
tinuously connected in space forming a line. Since the local
dynamics on the line defect is P-1, the structure can be
viewed as a defect in an otherwise P-2 oscillatory bulk me-
dium.

Sometime before the first computational demonstration of
a P-2 spiral wave by Goryachev et al., Yoneyama et al. �40�
reported an unusual Belousov-Zhabotinsky �BZ� spiral wave
that closely resembles the P-2 oscillatory spiral wave of
Goryachev’s model system in many respects. In their paper,
however, the authors concluded that the observed wave
structure was made possible by the oxygen gradient along
the z axis. This finding was also modeled successfully by a
simplified three-species Oregonator model having a z gradi-
ent of a stoichiometric factor �41�.

In an attempt for studying complex-oscillatory wave
structures systematically in a real laboratory experiment, we
have developed a two-side, continuously fed, open gel reac-
tor employing a BZ reaction in which wave patterns can be
created and maintained for a long period of time almost in-
definitely. We have systematically explored various param-
eters of our experimental system: the chemical composition
of the pattern forming gel medium and its thickness, as well
as the concentrations of various input reactants and the flow
rates, were varied to achieve a complex-oscillatory state
within the gel medium �42–44�. Our experimental system
has proven to be very fruitful. Over the last several years, we

have found a variety of different complex wave structures,
including P-2 spiral waves, P-3 spiral waves, two different
mixed-mode waves, and spatiotemporally chaotic states. All
of these complex wave structures involve line defects and
many details are found to be a quite general property of any
complex-oscillatory media. In this paper, we shall discuss
those properties and various transitions among different
wave states.

Our paper is organized as follows. In the next section we
describe our experimental methods including the design of
two-side fed gel reactor. In Sec. III we describe different
types of complex-oscillatory wave states that are found and
present a comprehensive phase diagram. We discuss the
emergence of a P-2 spiral wave from an initial P-1 spiral
wave and the subsequent transitions in Sec. IV. The trans-
verse instability of line defect associated with a P-2 spiral
wave and two subsequent transition to the so-called line-
defect mediated turbulence �LDT� are discussed in Sec. V.
We then proceed to the emergence of mixed-mode periodic
spiral waves having two different domains, each having a
different period in Sec. VI. In Sec. VII, period-three oscilla-
tory spiral wave dynamics are discussed. Finally, we summa-
rize our results and discuss several interesting issues in Sec.
VIII.

II. EXPERIMENTAL SYSTEM

For long-term controlled experiments on nonlinear chemi-
cal waves, it is quite crucial to establish an appropriate
reactor—a spatially extended open system, where a time-
asymptotic pattern can be sustained for a fixed set of param-
eter values and where patterns can be controllably changed
by adjusting parameter values. Here, in this section we de-
scribe the overall design of our reactor, the chemical compo-
sition and physical dimensions of the porous gel medium in
which patterns are sustained, the pump system for delivering
chemical reactants, and finally, the optics and image acquisi-
tion system.

A. Two-side fed gel reactor

Our rector is composed of a thin composite slab of porous
medium and two reservoirs that are constantly replenished
with a mixture of reagents. Figure 2 schematically depicts
the design of our reactor which is modeled after the chemical
reactor developed earlier by Ouyang et al. for studying Tur-
ing patterns �45�. A major difference between the two is that
here the pattern forming medium is a composite slab of a
polyacrylamide gel membrane �0.6 mm thick, 22 mm diam-
eter� instead of a Vycor porous glass disk. The gel membrane
is structurally supported by an Anopore disk �0.2 �m pore
size, 0.16 mm thick, Whatman� and backed by a nitro-
cellulose membrane �0.47 �m pore size, 0.16 mm thick,
Whatman� that serves as a visual background. The Anopore
disk has an array of micro holes with no lateral connectivity,
and here it is used only for a structural support of the soft gel
medium. The nitro-cellulose membrane is used as an imag-
ing background. Since the porosity of this membrane is
rather high and its thickness is very thin, the residence time
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of the reagents within this membrane is negligible compared
to that in the gel. The gel medium that is inert to the chemi-
cal reaction guarantees the necessary reaction-diffusion con-
dition.

The composite slab is sandwiched between two reservoirs
of reagents. For effective mixing of reagents in the reservoir,
each reservoir is stirred continuously using three small mag-
netic bars �two at the top and one at the bottom�. The reactor
parts are machined with Plexi-glass and Teflon. The optical
windows on each sides are quartz.

B. Composite gel medium

The gel is prepared as following. First, the following gel
solutions are mixed thoroughly in a small beaker: 2.5 ml of

acrylamide solution �20 g per 100 ml, Sigma�, five drops of
N, N�-methylene-bis-acrylamide �0.5 g per 25 ml, Sigma�,
and three drops of ammonium persulfate �2 g per 10 ml,
Sigma�. Then, two drops of cross-linking agent triethanola-
mine �3 g per 10 ml, Sigma� is added to the mixture to ini-
tiate polymerization. This polymerizing solution is then
poured onto a double layer composed of a nitro-cellulose
membrane and an Anopore disk that are placed on a thick
glass plate. The double layer is presoaked with the mixed gel
solution not containing triethanolamine. The poured gel so-
lution is then covered by another glass plate at a proper stage
of the polymerization. Thus the acrylamide gel is impreg-
nated into the membranes. The thickness of the composite
gel slab is controlled by using a pair of two standard shims
�0.6 mm thickness�. As the polymerization is completed, the
composite gel slab is cut and trimmed around the boundary
of Anopore disk. The composite gel membrane is then
soaked in distilled water for several hours before usage.

At the very initial stage of developing our BZ reactor, we
tried three different gel thicknesses �0.55, 0.60, and
0.65 mm�. In all cases, we were able to produce P-1 and P-2
oscillatory spiral waves. However, we found that the thick-
ness of 0.6 mm gave the best image contrast over the other
two cases and fixed the gel thickness to be 0.6 mm
thereafter—the gel thickness is in no way a good control
parameter for changing it can influence the gradients of ev-
ery chemical that is involved. Reducing the thickness of gel
slab further was inadequate to guarantee the the visualization
of waves and stable mechanical rigidity.

C. BZ solutions and delivery system

The BZ reaction used in our system has malonic acid as
the organic species and ferroin �a complex of iron and �1, 10�
phenanthroline� as the catalyst. The BZ reagents are grouped
into two and fed to the reservoirs, one on each side of the gel
slab. Each reservoir of chemicals is not chemically reactive
by itself, and the reaction takes place only when the diffused
chemical reagents are met within the gel slab. We have used
the input concentrations of sulfuric acid �H2SO4� and sodium
bromate �NaBrO3� as the control parameters, while the con-
centrations of the others are fixed. Sulfuric acid �H2SO4� and
sodium bromate �NaBrO3� are supplied to one reservoir,
while malonic acid �CH2�COOH�2�=0.53 M, ferroin
�Fe�phen�3

2+�=2.5 mM, sodium bromide �NaBr�=0.1 mM,
and sodium dodecyl sulfate �SDS�=0.1 mM are supplied to
the other reservoir.

The chemical reagents are delivered to the reservoirs us-
ing four precision piston pumps �P-500, Pharmacia� as illus-
trated in Fig. 3. Each reservoir has a volume of 10 ml and is
magnetically stirred by three magnetic stirrers. The reagents
fed to the reservoir A are pre-mixed as shown in Fig. 3. The
flow rate is fixed at 120 ml/hr and the reactor temperature is
regulated at 22.0±0.2 °C using a cooling chamber. As the
boundary conditions at two surfaces are not identical, con-
centration gradients exist across the gel thickness. In the
plane perpendicular to the gradient, however, the system is
homogeneous at least at the gel surfaces.

FIG. 2. Schematic diagrams of the two-side fed gel reactor: side
view in �a� and top view in �b�. The reactor is basically a thin
composite slab of porous medium sandwiched between two reser-
voirs of chemical reactants.
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D. Image acquisition and processing method

Raw images are acquired at the spatial resolution of 480
�640 using a charge coupled device �CCD� camera �XC-77,
Sony� and a frame grabber �Meteor, Matrox�. The wave pat-
terns are illuminated by a 100-W halogen lamp through a
fiber optic ring illuminator. As illustrated in Fig. 3, images
are captured in a reflective mode. The difference of the light
absorption spectra of ferroin and ferriin is the greatest at the
wavelength of 480 nm, and subsequently, we have used a
narrow band-pass filter �peak wavelength 480 nm, band-
width 30 nm� to maximize the image contrast. In this imag-
ing modality, the reduced complex �ferroin� appears dark
while the oxidized complex �ferriin� appears bright.

In order to reveal the line defects that underlie the mor-
phology and the dynamics of P-2 oscillatory spiral waves,
we have formulated the following scalar field: �V�r� , t�
= 1

� �0
��V�r� , t+ t��−V�r� , t+�+ t���dt�. Here, V�r� , t� represents

the gray scale values of the individual pixels in the raw im-
ages. � is the period of P-1 oscillation just before the P-1 to
P-2 transition. Technically, it is determined to be the arith-
metic average of �1 and �2, where �1 and �2 are slightly
detuned two periods of P-2 time series. When the scalar field
�V is rendered as a black-and-white image, the area exhib-
iting P-1 oscillation should appear very dark ��V=0� while
non-P-1 oscillatory areas should appear bright ��V�0�.

A clear example of a P-2 oscillatory spiral wave having a
line defect �black line� is given in Fig. 1�b�. In this particular
case, the P-1 oscillatory domain shows up as a form of line
connecting the spiral core to the boundary. On the other
hand, the remaining bulk medium �white� executes a P-2
oscillation as the spiral rotates fanning out waves. The black
line structure is thus termed as a line defect. When the me-
dium is composed of several different domains, each having
a different periodicity, one can clearly distinguish them in the
gray scale image of �V. This will be further discussed in
later sections. The image of scalar field �V is in fact a very
useful tool for analyzing complex-oscillatory wave states in
general.

III. PHASE DIAGRAM

The history of spiral waves traces back to early 1970
when they are first seen in a BZ system �1,2�. Ever since, so
many different issues have been addressed regarding them
through many experiments and computer simulations, and
theories �3–6,48�. Interestingly, however, previous studies
are mostly concerned with phenomena that are associated
with excitable or simply oscillatory �P-1� kinetics, and only a
few recent studies discuss wave dynamics in parameter re-
gimes that are associated with more complex oscillations
�49–55�. Experiments on the popularly studied BZ chemical
waves are no exception. Chemical waves have been studied
in various parts of multidimensional parameter space. Yet,
previous studies on BZ spiral waves have mostly been con-
ducted in excitable or simply periodic regimes and there is
still a large parameter space that has not been explored. By
all means, it is a well established fact that BZ chemical re-
action can produce a variety of different complex-periodic
temporal oscillations including deterministic chaos when
prepared in a continuously fed homogeneous �stirred� reactor
�30,56–66�.

Here, we present a phase diagram illustrating various
types of complex-oscillatory spiral waves that have been ac-
quired in our BZ reaction-diffusion system over the last sev-
eral years �see Fig. 4�. The phase diagram is constructed with
two control parameters, �H+� and �BrO3

−�, to which the wave
dynamics is quite sensitive. In addition to the conventional
P-1 oscillatory spiral wave, seven different complex-
oscillatory spiral waves are observed. They are intermittently

FIG. 3. Schematic illustration of our experimental setup that
includes a gel reactor, four precision piston pumps and a premixer,
coolant circulation unit, and an image acquisition system.

FIG. 4. Phase diagram of complex-oscillatory �spiral� waves in
a BZ reaction-diffusion system: P-1 spiral wave �P-1�, two different
types of P-2 spiral wave �P-2a and P-2b�, intermittently breathing
spiral wave �BR�, P-3 spiral wave �P-3�, two different types of
MMP spiral waves �P-2a/P-2b and P-2b/LDT�, and LDT. The solid
lines separating different periodic states are schematically drawn to
guide the eyes. Transitions among various states are discussed fol-
lowing three arrow-head tracks �A, B, and C�. The parameters are
scanned at the resolution of 0.1 M for �H2SO4� and 0.004 M for
�NaBrO3�.
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breathing spiral wave, P-2a and P-2b spiral wave, P-3 spiral
wave, two different types of MMP spiral wave, and spa-
tiotemporal chaos.

Period-1 oscillatory regular spiral waves, which are popu-
larly reported in many other experiments, are observed in a
high �H+� regime of our phase diagram. In this regime, one
sees P-1 oscillatory wave trains emanating out continuously
from spiral cores as they rotate steadily. Accordingly, the
local time series obtained at a fixed location is P-1 oscilla-
tory �Fig. 5�a�� everywhere except for the cores.

The input concentration �H+� is found to be a key param-
eter that brings a P-1 oscillatory spiral wave to a P-2 spiral
wave. The transition comes in two steps along the path A in
the phase diagram of Fig. 4. As �H+� is lowered, regular P-1
spirals lose their stability by allowing occasional “2� phase
slips”—this will be discussed in detail in the next section.
During these slips, the profile of the original P-1 spiral is
unchanged while its thickness is “breathing.” Therefore one
may state that the P-1 spiral waves lose their stability first in
time domain only yielding the breathing spiral waves �BR�.
When �H+� is lowered further, the 2� phase slips become
more frequent and every second spiral rotation becomes a
small-amplitude excitation or omitted completely �see Fig.
5�c��. Consequently, a P-2 oscillatory spiral wave �P2-a� en-
sues. The P-2a spiral wave has a spiraling line defect that
cuts through the original P-1 spiral wave. Therefore the P-2a
spiral wave is wavelength-doubled in space as well as
period-doubled in time.

As the value of �H+� is further lowered, the P-2a spiral
waves become unstable and destabilize. In this very low �H+�
regime, the system no longer supports any waves. Within the
stable P-2a spiral wave regimes, we have found a number of
interesting transitions of line defect that are to be discussed
in Sec. IV. In a very small parameter regime of low �H+� and
low �BrO3

−�, spiral waves having P-3 temporal dynamics are
also observed �Fig. 5�d��. These P-3 spiral waves have a
complex line defect that is highly nontrivial.

As �BrO3
−� is increased, P-2a spiral waves become spa-

tiotemporally chaotic in two different ways. First, P-2 oscil-
latory spiral waves become unstable via a transverse insta-
bility of line defects �along the path B in the phase diagram
of Fig. 4�. The other type is mediated by mixed-mode peri-
odic �MMP� spiral waves �along the path C�. Transitions
arising along the two different paths will be discussed in
detail in Secs. V and VI, respectively. The spatiotemporally
chaotic state revealed in our BZ system is characterized by a
fast and erratic motion of line defects thus termed line defect
mediated turbulence �LDT�. In this state, small wave seg-
ments with irregular shapes constantly appear and decay, and
its local time series obtained at a fixed location does not
show any discernible periodicity �Fig. 5�e��.

IV. ONSET OF A P-1 TO P-2 SPIRAL WAVE
TRANSITION AND BEYOND

The P-1 to P-2 spiral wave transition is investigated by
decreasing �H+� along path A of the phase diagram. As
briefly mentioned in the previous section, this transition

takes place in two different steps. The first step is the trans-
formation of the regular P-1 oscillatory spiral wave of Fig.
6�a� to the P-2 oscillatory spiral wave of Fig. 6�b� having a
spiraling line defect. Subsequent to this transition, the initial
spiraling line defect dilates and the continuity of the initial
P-1 spiral wave is lost. As a result, the spiral wave becomes
P-2 both in space and time �Fig. 6�c��. The dilated line defect
rotates slowly in the same direction of spiral wave rotation.
Quite interestingly, we have observed that the rotating line
defect exhibits a meandering transition which is quite similar

FIG. 5. Snapshot images of BZ spiral waves revealed in our BZ
experimental system: �a� typical P-1 spiral wave with its typical
local time series, �H+�=3.02 M and �BrO3

−�=0.075 M; �b� inter-
mittently breathing spiral wave and its local time series having oc-
casional 2� phase slips, �H+�=2.78 M, �BrO3

−�=0.075 M; �c� dis-
continuous P-2 spiral wave with a line defect and its regular P-2
local time series, �H+�=2.32 M, �BrO3

−�=0.083 M; �d� discontinu-
ous P-3 spiral wave with a line defect and its regular P-3 time
series, �H+�=2.10 M, �BrO3

−�=0.060 M; �e� fully developed line
defect turbulence and its chaotic local time series, �H+�=2.32 M,
�BrO3

−�=0.132 M. In the raw images �a�–�e�, white and black rep-
resent the oxidized and reduced states, respectively. The � in the
local time series of �a�–�d� is a period of a fundamental P-1 oscil-
lation. The diameter of the viewing area is 3.2 mm.
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to that of a P-1 oscillatory spiral wave, a topic of extensive
previous investigations �67–71�: The tip of the line defect
initially rotates around a small circle with a well-defined pe-
riod, then undergoes a Hopf bifurcation acquiring an addi-
tional circular orbit to create a compound orbit. In this sec-
tion, we discuss these three different transitions in detail.

A. Emergence of the breathing line defect at the onset

In our experimental system, spiral waves spontaneously
form during the early stage when BZ chemical reagents are
just fed into the gel membrane through diffusion. In the high
�H+� regime, the system produces a simply periodic P-1 spi-
ral wave as shown in the left frame of Fig. 6�a�. This spiral
wave has no defect except for the topological singularity at
the core. Thus the processed image on the right-hand side
rendering the scalar field �V in gray scale shows no structure
at all.

As �H+� is lowered, however, the simple P-1 oscillatory
spiral wave becomes unstable as shown in Fig. 7. When �H+�
reaches about 2.80 M, the initial P-1 spiral wave starts to
modulate every now and then—i.e., the width of the spiral
wave changes in time as it rotates. An example is depicted in
Fig. 7. When the initial spiral wave �t=0� rotates, its width

gradually shrinks and vanishes completely �except for a very
small piece at the core� by the time it completes a full
rotation �t=27 sec�. Then, the spiral wave regains its
thickness or re-emerges during the next cycle of rotation
�t=36–45 sec�. The integrity of the initial P-1 spiral is un-
changed during this breathing event. Initially, this breathing
episode arises sparsely and randomly. But they occur more
frequently as �H+� is lowered further, and eventually the
breathing comes into the system once for every two cycles.
Figure 8, which summarizes the spiral wave activities with
�one-dimensional� space-time raster plots and corresponding
local time series, depicts the whole situation quite clearly.

FIG. 6. Snapshot images of BZ spiral waves �left� and the cor-
responding images of a line defect �right�: �a� P-1 spiral wave with
no line defect, �H+�=3.02 M; �b� continuous P-2 spiral wave and
the associated line defect having the same shape of a P-1 spiral,
�H+�=2.40 M; �c� discontinuous P-2 spiral wave and the associated
line defect having a line defect with a shape different from the P-2
spiral wave of �b�, �H+�=2.12. The diameter of the viewing area is
8.2 mm. As in Fig. 1, in the processed image of P-1 domain �i.e.,
line defect� appears black ��V=0� and the bulk P-2 domain appears
bright. The spiraling line defect in �b� is folded due to the interac-
tion with a neighboring spiral wave.

FIG. 7. Sequential images of a breathing spiral wave at the P-1
to P-2 spiral transition �top row� and the corresponding images of a
breathing line defect �bottom row�. The breathing line defect ap-
pears whenever a local P-2 episode �arrows in Fig. 8�b�� interrupts
an otherwise P-1 oscillation. The width of the spiraling line defect
changes as a P-2 episode sweeps through in a time series. The
processed images show the scalar field �V. The image size is
6.4 mm2 and �H+�=2.80 M.

FIG. 8. Intermittent behaviors during a P-1 to P-2 spiral wave
transition in space �a� and time �b�. The space-time plots and local
time series are obtained from different values of �H+� �from top to
bottom, �H+�=3.02, 2.80, 2.60, 2.48, and 2.40 M�. The y axis of �a�
represents a straight line segment �3 mm� in the perpendicular di-
rection of wave propagation. The arrows in �b� mark the positions
where 2� phase slips take place.
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At �H+�=3.02 M, the system supports a P-1 oscillatory
spiral wave. Therefore the corresponding wave train of Fig.
8�a� �top frame� and the local time series of Fig. 8�b� �top
frame� are P-1 oscillatory. At �H+�=2.80 M, the initial P-1
wave train experiences occasional 2� phase slips as marked
by arrows. We note that there is some gradual amplitude
modulation when the signal switches from a P-2 episode to
the following P-1 oscillation, or vice versa. Therefore the
signal appears more complex than a simple mixture of P-1
and P-2 signals. As the value of �H+� is lowered further, the
number of P-2 episodes increases gradually. Eventually one
out of every two successive peaks becomes lost by the time
at �H+�=2.40 M �see the second frame through the fifth
frame in Fig. 8�a� and the corresponding time series in Fig.
8�b��. In other words, the initial P-1 oscillatory system has
period-doubled to a P-2 state. Note that since this transition
takes place over a finite range of �H+�, the period of the P-2
signal is not exactly equal to twice the period of the initial
P-1 oscillation.

In connection with the P-1 line defect of P-2 oscillatory
spiral waves, one can view the phenomenon discussed above
being driven by the existence of a breathing line defect
which has the same spatial profile of a P-1 spiral wave. Un-
like the regular P-1 line defect, the breathing line defect
emerges only when there arises a P-2 episode. It is termed as
“breathing,” because its thickness changes in time as illus-
trated in the sequence of processed images in the bottom row
of Fig. 7. During the whole process of an initial P-1 spiral
wave becoming a P-2 spiral wave via a stage of breathing
intermittent spiral wave, the property of underlying line de-
fect changes as well: its breathing activity gradually comes
to an end yielding a thin static line defect having the same
shape of a P-1 spiral as the system reaches to the P-2 oscil-
latory regime �see Fig. 6�b��.

Here, we note that the observed transition has a very
strong analogy to the phase synchronization-
desynchronization transition, often called eyelet intermit-
tency generically occurring in systems of two-coupled non-
linear oscillators �72–74�. The transition shows rare and
intermittent 2� phase slips near the onset and frequent and
regular 2� phase slips away from the onset. In our experi-
mental system, the observed P-2 episodes in an otherwise
P-1 signal can be considered as 2� slips mediating the tran-
sition of a P-1 spiral to a P-2 spiral.

Note that the snapshot image of a P-2 oscillatory spiral
wave of Fig. 6�b� having a static line defect—the thin black
contour that exactly matches the profile of the associated
spiral wave on the left—appears not at all different from a
regular P-1 spiral wave. Therefore one may claim that the
spiral wave of Fig. 6�b� is temporally P-2 �except along the
line defect� but spatially P-1. The emergence of line defect in
a form of P-1 spiral is quite unexpected for the previous
model simulation results all have shown either straight
�Rössler system� �36� or irregular �Willamowski-Rössler sys-
tem� �34,35� line defects only.

B. Dilation of a spiraling line defect

When �H+� becomes about 2.32 M, the static line defect
shown in Fig. 6�b� is no longer stable and it starts to dilate to

acquire a much larger pitch than that of the associated spiral
wave as shown in Fig. 6�c�. Consequently, the line defect
intersects with the spiral wave breaking its continuity. As a
result, the spiral wave acquires the spatial periodicity of 2
�i.e., the wavelength is doubled� in addition to the temporal
periodicity of 2. In this regard, the P-2 spiral of Fig. 6�c�
distinguishes itself from the one shown in Fig. 6�b� that re-
tains the spatial periodicity of 1.

The dynamical process of unwinding line defect is non-
trivial as discussed in our previous paper �43�. Following a
decrease in �H+�, the unwinding process starts from the spiral
core region and advances radially outward—the pitch of the
line defect modulates in space and time. Moreover, neighbor-
ing line defects often collide and annihilate each other to
produce two cusp structures. Subsequently, the cusps travel
away from each other dilating the spiraling line defect. The
nexus of complex unwinding, annihilation, and dilation pro-
cess keeps on until a new regular line defect is established.
Although the resulting line defect �Fig. 6�c�� is smooth and
regular, the ones for the parameter range between Figs. 6�b�
and 6�c� are in general quite irregular and unsteady.

C. Meandering and drift transitions of a line defect

In contrast to the static line defect shown in Fig. 6�b�, the
dilated line defect of Fig. 6�c� is dynamic. It rotates steadily
like a rigid body in the same rotational direction of the spiral
wave, as illustrated in Figs. 9�a� and 9�b�. The dark black
circle in the inset of Fig. 9�a� �and in Fig. 9�b�� represents the
orbit traced by the tip of line defect. The rotation of the line
defect around this black circular orbit is rather slow �	1

=3.8 rad/h�: roughly 156 times slower than that of the asso-
ciated spiral wave �	0=594 rad/h�. In fact, there are two
different circular orbits associated with the P-2 spiral wave
shown in Fig. 9�a�: the black circle �radius, r1=0.4 mm�
traced by the tip of line defect and the white circle �r0

=0.1 mm� traced by the tip of spiral wave �75�. In fact, the
spiral wave shown in Fig. 9�a� is a meandering P-2 oscilla-
tory spiral wave whose core executes a epicycloid motion
involving two coupled circular motions with radii r0 and r1
and two frequencies 	0 and 	1.

Meandering spiral waves have been a topic of numerous
studies over the last 20 years or so �67–71�, but all of them
were concerned about the meandering behavior of P-1 oscil-
latory spiral waves. Here we just discussed that some P-2
oscillatory spiral wave can meander very much like a mean-
dering P-1 spiral wave. The most fascinating part is, how-
ever, yet to be explained.

Following a small decrease in the input �H+�, the simply
rotating line defect of Fig. 9�b� undergoes a Hopf bifurcation
resulting in a compound orbit of Fig. 9�c�. This orbit, formed
by two combined circular motions, is a hypercycloid: the
primary circle �radius r1, angular frequency 	1� orbits the
secondary circle �radius r2� with a new rotation period 	2
and spins about its center in the same direction. As a conse-
quence, the motion of rotating spiral wave now involves
three distinct frequencies and accompanying three different
radii.
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The shape of compound orbit traced by the tip of line
defect is quite sensitive to the control parameter �H+�. When
�H+� is decreased less than a few percent from that of Fig.
9�c�, r2 rapidly diverges to infinity and 	2 becomes very
small. Nevertheless, the values of r1 and 	1 both change less
than 50%. As a consequence, a net drift motion appears as
shown in Fig. 9�d�. The drift becomes more eminent when
�H+� is further lowered as shown in Fig. 9�e�. Here, we note
that the shape �or mean curvature� of line defect is not steady
but oscillates periodically as its tip moves on the compound
orbit. The line defect with the maximum �or minimum� cur-
vature reaches at the location marked by 1 �or 2� as indicated
in Fig. 9�e�. All these observations are remarkably similar to
the well known phenomena of meandering spiral wave in
excitable or P-1 oscillatory media. However, epicycloid mo-
tions are yet to be observed.

A further decrease of �H+� makes the motion of the tip of
line defect very irregular as shown in Fig. 10. The line defect
no longer rotates about its tip but drifts away in an erratic
way: the speed of moving tip is not steady, and, subse-
quently, the shape of the line defect becomes quite irregular.
Consequently, the system loses all spiral cores in the long
run and becomes a reduced homogeneous state. These obser-
vations are visually similar to the results of model simulation
recently carried out by Davidsen et al. �76�. However, we
note that their simulation results were obtained using a cha-
otic Rössler model system.

V. FORMATION OF WIGGLED LINE DEFECTS AND
LINE DEFECT MEDIATED CHEMICAL TURBULENCE

In this section, we summarize our previous results on the
sequence of transitions along the route B specified in the
phase diagram of Fig. 4 �44�. Locally, the line defects in P-2
oscillatory media can be viewed as a front separating two P-2
domains oscillating 2� out of phase. Here we show that the
shape of these line defects can become sinusoidal by a trans-
verse instability. This instability ultimately leads to a line
defect filled chemical turbulence that is characterized by pro-
liferation, annihilation, erratic motions of line defects.

Although the change in �H+� significantly affects the dy-
namics of BZ spiral waves, we find that �BrO3

−� is another
key factor that can bring the system to a turbulent regime.
Along the route B, �H+� is fixed at 2.30 M and only �BrO3

−�
is increased. Our experiment has begun with a P-2 spiral
wave possessing a nearly straight line defect: see the spiral
wave in Fig. 11�a� and the underlying line defect in Fig.
11�c�. The line defect is slightly curved and this property
seems to be related to its slow rotation. In a systematic in-
crease of �BrO3

−�, we have found that the shape of the line
defect transforms in a quite interesting manner: The initial,
straight line defect starts to form wiggles in the transverse
direction of the wave propagation and the amplitude of
wiggles becomes more pronounced as the value of �BrO3

−�
increases �see Figs. 11�d�–11�f��. These wiggled line defects
are quite static in their time-asymptotic �steady� states. The
wiggling of the line defect is caused by a transverse instabil-
ity where there are two competing influences, as discussed in
Ref. �44�.

When the control parameter �BrO3
−� is increased further

to 0.116 M, the sinusoidal wiggle of line defect is no longer

FIG. 9. Meandering transition and drift of a spiraling line defect.
�a� typical P-2 spiral wave having a simply rotating spiraling line
defect ��H+�=2.22 M�; �b�–�e� processed images of �V in gray
scale revealing the underlying line defect �from �b� to �e�, �H+�
=2.22, 2.12, 2.04, and 1.94 M, respectively�. �b� shows a simply
rotating line defect of the P-2 spiral wave shown in �a�, �c� is a line
defect whose tip meanders around a hypercycloid orbit �r1

=0.4 mm, 	1=3.4 rad/h, r2=0.3 mm, 	2=0.7 rad/h�, and �d� and
�e� are a rotating line defect with a net drift �for �d�, r1=0.7 mm,
	1=3.1 rad/h, r2 and 	2 undetermined, and for �e�, r1=0.8 mm,
	1=5.6 rad/h, r2 and 	2 undetermined�. The inset of �a� is a
blown-up image of the core region. The white circular orbit �drift-
ing very slowly around the black circle� in the inset of �a� is the
passage traced by the tip of P-2 oscillatory spiral wave. The satu-
rated black lines are the orbits traced by the tip of line defects. The
dotted line in �e� is drawn to represent the profile of line defect at
the marked location 1. The rotation frequency 
 of the associated
spiral waves themselves is 594 rad/h for �a� and �b�, 552 rad/h for
�c�, 528 rad/h for �d�, and 500 rad/h for �e�. The diameter of the
viewing area is 8.2 mm.

FIG. 10. Erratically drifting P-2 spiral waves �a� and the corre-
sponding processed image of line defects �b�. The tip trajectory of
line defect �solid line: from A�t=0� to B�t=3600 sec�� is superim-
posed in �b�. The diameter of the viewing area is 18 mm, and
�H+�=1.80 M.
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stable and spatial modes smaller than �=�1+�2 arise. Un-
stable wiggles deform, proliferate and break up into many
pieces that again grow and evolve in an erratic fashion.
Eventually, a mixed state with patches filled with a highly
complex tangle of line defects forms as shown in Fig. 12�b�.
Within these turbulent patches irregular spiral cores �or, sin-
gular points where line defects terminate� still exist, and
those that lie near the domain boundary generate periodic
wave trains. The chaotic domain grows gradually at the ex-
pense of the regular periodic domain upon a further increase
of �BrO3

−�. Fully developed spatiotemporal chaos �Fig.
12�c�� appears around �BrO3

−�=0.132 M. Note that even at
this stage, line defects underlie the dynamics and morphol-
ogy of the whole system.

At this point, it is perhaps worthwhile to indicate that a
remarkably similar sequence of phenomena was also ob-
served in a generic model reaction-diffusion system employ-
ing Willamowski-Rössler �WR� kinetics �44�: Just as in the
BZ experiment, an initially flat line defect of a P-2 spiral
wave undergoes a transverse instability forming a wiggled
line defect that eventually leads to a chaotic patch formation.

In regard to the line defect turbulence discussed here, we
note that a similar type of line defect turbulence was reported
earlier by Goryachev et al. in a period-4 �P-4� oscillatory
regime of a Rössler reaction-diffusion model �37� and in a
chaotic regime of a WR reaction-diffusion model �77�. In

their study, chaotic patches form around shock areas where
waves collide and annihilate. There, line defects—Termed as

2 curves—nucleate spontaneously as a form of “bubble,”
and proliferate producing chaotic local dynamics. In other
words, the vanishing phase gradient along the shock line
initiates the formation of the chaotic patches. In contrast, our
line defect turbulence seems to originate from the transverse
instability of existing line defects and their subsequent defor-
mations.

VI. MIXED-MODE PERIODIC SPIRAL WAVES

Mixed-mode oscillations are a well known phenomenon
observed in various nonlinear chemical and biological sys-
tems �78–81�, and the Belousov-Zhabotinsky reaction is one
of the best known examples �30,57,59,65,66�. This section
describes a 2:3 mode-locked mixed-mode periodic �MMP�
BZ spiral wave. We discuss the emergence of this particular
MMP spiral wave state from a regular P-2 spiral wave state
along the route C as specified in the phase diagram of Fig. 4.
Following the same route, we also observe that the MMP
spiral wave state becomes a spatiotemporally chaotic state if
�BrO3

−� is further increased. Here, we explain these two
transitions in detail.

A. Transition of a short period P-2 spiral wave (P-2a)
to a long period P-2 spiral wave (P-2b) via

2:3 mode-locked MMP spiral wave state

Along the route C shown in Fig. 4, �H+� is fixed at
1.90 M and only �BrO3

−� is varied. For a small value of

FIG. 11. �Color online� Transverse instability of the line defect
of a P-2 oscillatory BZ spiral. �a� and �c� show a single P-2 spiral
wave and its corresponding processed image of line defect:
�BrO3

−− �=0.083 M �b� A typical P-2 oscillatory local time series
�taken at the position marked by the black square in �a�. �d�–�f�
Pseudocolor images of the scalar field �V revealing the underlying
line defects �black line: region of �V=0� of P-2 spiral waves for
�BrO3

-�=0.091,0.100,0.108 M respectively. �= ��1+�2� /2, where
�1 and �2 �or �1 and �2� are the two alternating periods �wave-
lengths� of the P-2 spiral wave. The diameter of the viewing area is
6.4 mm.

FIG. 12. Snapshot images of BZ spiral waves �left� and the
corresponding processed images of line defects �right�: �a� P-2 spi-
ral waves with line defects, �BrO3

−�=0.106 M; �b� a coexisting
state of periodic �P-2� domain and chaotic domain, �BrO3

−�
=0.124 M. This chaotic domain is filled with a tangle of line defect;
�c� fully developed turbulent pattern, �BrO3

−�=0.132 M The diam-
eter of viewing area is 18 mm.
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�BrO3
−�, the system chooses a state of regular P-2 oscillatory

spiral waves as shown in the gray-scale image of �V of Fig.
13 �t=0�. �BrO3

−� is increased to 0.124 M, however, the un-
derlying line defect becomes unstable, proliferate, and ir-
regular �t=444 sec�. Almost simultaneously, small patches of
bright domains appear first around the core �t=474 sec� and
begin to spread out �t=510 sec�. For the �gray� value of �V
reflecting the periodicity of local dynamics, we can state that
the fragmented white domains have a distinct temporal dy-
namics that is different from the original P-2 dynamics of the
bulk background, as well as from the P-1 dynamics of black
line defects. In other words, a mixed state comprised of three
distinct domains having different temporal dynamics has
emerged. A much larger domain showing a MMP state with
several unusual spiral waves is shown in Fig. 14�b�. This
new state distinguishes itself quite clearly from the initial P-2
spiral wave state of Fig. 14�a�.

One of the MMP spiral waves is analyzed in detail in Fig.
15. First of all, a sequence of snapshot images taken at an
interval of t=�a is shown in Fig. 15�a�. Here, 2�a is the value
of the P-2 spiral wave before the MMP transition. Notice that
the gray-scale image does not repeat as a whole at the inter-
val of 2�a. In other words, the system has acquired a differ-
ent periodicity other than 2�a. This observation is clearer in
the local time series of Fig. 15�b� that contains a new char-
acteristic period �b=1.5��a. The existence of two different
periodicities and their relationship are well captured in the
space-time plot of Fig. 15�c�. At the moving boundary sepa-
rating the two different domains, 3�a �marked by A� matches
with 2�b �marked by B�. In other words, the oscillating do-
mains are 2:3 mode-locked.

As �BrO3
−� is increased, the domain of P-2b spiral waves

gradually replaces the initial state filled with P-2a spiral
waves. This crossover is continuous as illustrated in the

FIG. 13. Destabilization of a line defect and emergence of
patches having a longer period following an increase of �BrO3

-�
�from 0.120 to 0.124 M� at t=0. Images show the scalar field �V in
a gray scale. The black lines are the line defects of P-2a spiral wave.
The bulk gray area is 2�a periodic whereas the white patched do-
mains is 2�b=3�a periodic. The viewing area is 6�6 mm2.

FIG. 14. �Color online� The transition of a P-2a state to a P-2b
state via mixed-mode periodic wave state: �a� P-2a spiral waves �
�BrO3

−�=0.116 M, �a=18 sec�; �b� and �c� MMP spiral wave states
��BrO3

−�=0.128 and 0.132 M, respectively, �b=27 sec and �a

=18 sec� and �d� P-2b spiral waves ��BrO3
−�=0.135 M, �b

=24 sec�. Snapshot raw images are in the top row and the corre-
sponding processed images showing scalar field �V are in the bot-
tom row. The diameter of viewing area is 18 mm.

FIG. 15. �Color online� Structure and temporal evolution of a
MMP spiral core in the encircled area of Fig. 14�b�: �a� Snapshots
of a MMP spiral taken at every �a=18 sec 18 sec. The domain is
divided by each different oscillating periods in left and right half of
spiral core. Here �a is a fundamental period of P-1 oscillation in the
domain of left side with a short oscillation. The diameter of viewing
area is 3.2mm. �b� Local time series taken at the location of rect-
angular point in �a�. The short �P-2a� and long periodic �P-2b�
modes are mixed in time space. �c� Space-time plot taken along a
circle centered at the spiral core with a radius r=2.3 mm.
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sequence of images in Fig. 14 and quantified in Fig. 16 that
depicts the proportion of each periodic domain.

B. Mixed state of P-2b spiral waves and chaotic domains

With a higher value of �BrO3
−�, the state of P-2b spiral

waves changes again by the emergence of some chaotic do-
mains. A new mixed state containing two different domains
form: one domain contains P-2b spiral waves and the other
domain is highly turbulent. The turbulent domain contains a
complex tangle of line defects that evolve very rapidly in
space and time. Consequently, the local dynamics within the
turbulent domain is quite irregular as Fig. 17�b� illustrates.
This new mixed state is qualitatively very similar to the one
formed by the aftermath of transverse instability of line de-
fects of P-2 spiral waves discussed in Fig. 12. Within the
turbulent domain, line defects proliferate irregularly to break
up into many pieces, then grow again and annihilate in an
unpredictable way.

Figure 18 highlights the boxed square area of Fig. 17�a�
that more or less lies at the very volatile interface separating
two qualitatively different domains. A picture taken at one
instance is a regular state with P-2b spiral waves �see Fig.

18�a��. At a different instance, however, the same view field
represents a turbulent state having no discernible structure
except for the existence of complex network of line defects
�Fig. 18�b��. In fact, these two different states alternate in
time with no obvious pattern. The complex time course is
visualized by quantifying the density � of underlying line
defects. During the regular P-2b spiral wave state, � is quite
low �as marked by a in Fig. 18�c��. On the other hand, for the
durations of the turbulent state � is rather high. More impor-
tantly, one notices that the turbulent activity involves high
frequency fluctuations.

The chaotic domain grows at the expense of the regular
P-2b domain upon a further increase of �BrO3

−� and the
whole domain becomes chaotic around �BrO3

−� as shown in
Fig. 19. Small wave segments with irregular shapes con-
stantly appear and decay without any discernible pattern.
Again, the complexity of the pattern is better understood by
examining the image of �V �see Fig. 19�b��. This particular
turbulent state is visually quite similar to the one that had

FIG. 16. Mean domain occupancy ��� vs �BrO3
-�. The error bars

reflect the spatiotemporal fluctuations over about 1 h.

FIG. 17. �Color online� A coexisting pattern with a regular and
chaotic domain �a� and two time series obtained each different pe-
riodic states, “A” and “B” �a�. The diameter of viewing area is
18 mm and �BrO3

-�=0.140 M.

FIG. 18. Oscillating behavior of the regular and chaotic state
revealed in the boxed area of Fig. 17�a�: �a� Rgular P-2 spiral state
with a spiraling line defect obtained at t=2340 sec. Some isolated
bubble-shaped line defects exist around the core. �b� Spatiotemporal
chaos with a tangle of line defects transformed from the regular P-2
state in �a�, at t=6750 sec. The marked arrow indicates the spiral
core. �c� density fluctuation of line defects for about 3 h. The den-
sity of line defects in regular P-2 spiral state �a� and chaotic state
�b� is each obtained at the locations where the arrows “a” and “b”
indicate. The density of line defect is calculated by binarizing
�threshold at the low 20% of the total dynamic range� the scalar
field �V. The viewing area is 8�8 mm2 and �BrO3

−�=0.140 M.
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arisen in the aftermath of a transverse instability of line de-
fects in Fig. 12�c�. Nevertheless, there is a significant differ-
ence: the complex wave state shown in Fig. 19 are comprised
of three �the white, gray, and line defects� distinct frag-
mented domains, each having a different periodicity, while
that of Fig. 12�c� has only two distinct domains �the gray and
line defects�. With the evolving mixture of two different pe-
riodic domains in conjunction with the compulsive evolution
of the line defects, a long-time local time series at a fixed
location is very irregular. Here, as well, the complexity of the
local dynamics is not driven by the homogeneous kinetics
but by the spatiotemporal dynamics of evolving periodic do-
mains.

In this section we have investigated complex waves that
arise along route C in the phase diagram of Fig. 4. Two
interesting transitions are reported. First, we have found that
a regular P-2 spiral wave state �P-2a� becomes a mixed-mode
�2:3 mode-locked� periodic MMP spiral wave state that sub-
sequently changes to a new P-2 spiral wave state �P-2b� hav-
ing a 1.5 times longer period. Second, the P-2b spiral wave
state becomes a spatio temporally turbulent state via an in-
termediate state with two competing domains of P-2b spiral
waves and turbulent patches.

VII. PERIOD-3 OSCILLATORY SPIRAL WAVES

In a very small regime between P-2a and BR state of the
phase diagram Fig. 4, spiral waves having a P-3 dynamics
were observed �see Fig. 20�—i.e., rotating spiral waves pro-
duce a well defined P-3 local oscillation with a period of
approximately 3�, where � is the fundamental period of the
concerned system. Figure 21 focuses at the temporal evolu-
tion of a single P-3 oscillatory spiral wave. The whole spatial
structure repeats at every 3�. Three different peaks that com-
prise the time series of P-3 oscillation are marked by the
symbols, 1, 2, and 3, as depicted in Fig. 21�b�. The amplitude
of the peak marked by 2 is zero or almost negligible, while
the amplitude of the primary peak 1 and that of the third
peak 3 are quite close to each other. In the same light of
explanation elucidating the emergence of P-2a spiral waves,
one may view that the P-3 signal of Fig. 21�b� arises through
a sequence of phase slips taking place at every 3�, in other
words, missing at every peak marked by 2.

As the space-time plot of Fig. 21�c� clearly reveals, the
P-3 spiral of Fig. 21 has a dynamic line defect �white dotted
line� joining three different pairs of peaks. This line defect
moves very slowly in the clockwise direction as the space-
time plot well depicts. In principle, line defects of P-3 spiral
state can take one of three different forms �type I connecting

FIG. 19. Snapshot image of a turbulent state mediated by the
line defects �a�; and processed image revealing line defects and
fragmented small domains of two periodic states �b�. The diameter
of the viewing area is 18 mm and �BrO3

−�=0.148 M.

FIG. 20. Period-3 oscillatory spiral waves: �a� snapshot raw im-
age; �b� processed snapshot image of �V. The diameter of viewing
area is 18 mm and �BrO3

−�=0.050 M.
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2 and 1, type II connecting 3 and 2, and type III connecting
1 and 3�, while those for P-2 oscillatory spiral waves are
simply connecting the up to the bottom state. From this
viewpoint, the single line defect underlying the P-3 spiral
wave is rather unusual for it alternates sequentially among
three different types as the system evolves in time. As a
consequence, the local dynamics right on the line defect is
not P-1 but P-3 as three different types of loop exchange �see
the schematic diagram of Fig. 22� take place there. This ob-
servation is in a good contrast to the earlier computational
study by Goryachev et al.: they demonstrated the existence
of P-3 spiral waves using a “super excitable” model system
�38,39�. Interestingly, P-3 spiral wave states had two separate
line defects spiraling out from the core.

The snapshot image of �V for the P-3 spiral state �see
Fig. 20�b�� therefore contains line defects that vary from one
place to the other in their thicknesses �or gray value�. This is
quite natural for there is no reason for spatially distributed
line defects to be synchronized to each other. As the nature

of P-3 line defects vary in time and as their shapes are highly
irregular, the overall morphology of a P-3 spiral wave state is
quite complex as Fig. 20�a� well illustrates. The processed
image of �V for the P-3 state is much more complex than
that of a typical P-2 state for the reason that the bulk area is
also patched by three different types of domain, each having
a different gray tone: the white, the gray, and the black
banded areas, respectively.

VIII. CONCLUSIONS

This paper provides a comprehensive review on a number
of different phenomena regarding complex-oscillatory spiral
waves and their underlying line defects observed in a BZ
experimental system. All together, eight different types of
complex wave states are categorized in the phase space
spanned by two key variables, �H+� and �BrO3

−�. Their prop-
erties are discussed in detail. We have reported several dif-
ferent transitions that arise along three different passages on
the two-dimensional phase space. A typical P-1 to P-2 spiral
wave transition is discussed and a subsequent shape transi-
tion of a line defect followed by a meandering transition is
elucidated following passage A. Two different types of tur-
bulent transitions are observed, one along passage B and the
other along passage C. The final time asymptotic turbulent
states in both cases are characterized by fast proliferation and
erratic annihilation of line defects. They can have a different
origin: one was obtained through a transverse instability of
line defects in a purely P-2 oscillatory state and the other was
created through multiple steps of mixed-mode oscillations.

Many features of complex-oscillatory BZ spiral waves
that we discussed here can be reproduced in several different
systems. Most important of all, the existence of line defects
in P-2 oscillatory media seems to be generic. Using a differ-
ent BZ reaction-diffusion system employing a porous Vycor
glass, Guo et al. have also found P-2 oscillatory spiral waves
�82�. Very recently, our group was also able to produce P-2
oscillatory spiral waves in a cultured layer of cardiac cells
�yet to be published�. Furthermore, there are at least two
different model systems �diffusively coupled Rössler oscilla-
tors and its hybrid Willamowski-Rössler oscillators� that ex-
hibit complex periodic waves.

In the model systems, the line defects associated with P-2
spiral waves have been always found to be static in their
time-asymptotic steady states: line defects move only for
some transient periods following a change in the parameter
values. On the contrary, the line defects so far observed in
our BZ experimental system are always found to be dynamic
except only for the special static case when it has the exact
same form of a P-1 spiral wave. We believe that this differ-
ence originates from the fact that the spiral core in the
Rössler system �and its hybrid Willamowski-Rössler system�
is a sink for the inwardly moving phase waves generated
from the system boundary, while it is a source in our experi-
mental BZ system. In any cases, however, the dynamical
properties of a line defect seems to have a close connection
with its shape, in particular, its curvature. At least in the
model systems curved line defects always evolve to a
straight line defect extending between a spiral core and a
pinning site along the system boundary.

FIG. 21. Structure and temporal evolution of a P-3 spiral wave
�encircled area in Fig. 20�a��: �a� sequential snapshot images �taken
at every �=27 sec� of a P-3 spiral wave having a single line
defect—�overlaid� white dotted line. The radius of the viewing area
is r=3.2 mm; �b� local time series taken at the square mark in �a�;
and �c� space-time plot taken along a circle centered at the spiral
core with a radius r=2.3 mm. The arrows and numbers in �b� and
�c� mark the position of three local peaks of P-3 oscillation.

FIG. 22. Schematic diagram illustrating three different phase
slips on a P-3 attractor.

LINE-DEFECTS-MEDIATED COMPLEX-OSCILLATORY¼ PHYSICAL REVIEW E 73, 066219 �2006�

066219-13



We should also note that the BZ reaction has a more com-
plex nature than that of the Rössler kinetics. It is well known
that the BZ reaction in a continuously fed stirred reactor can
exhibit a variety of different mixed-mode oscillations, and
this particular property seems to support the observed mixed-
mode periodic �MMP� wave states. In addition, one should
realize that our experimental system is actually a quasi-two-
dimensional system with strong concentration gradients
across the gel thickness while the model systems are an ideal
two-dimensional one. Therefore we cannot exclude the pos-
sibility of three-dimensional effects in our experiments, al-
though all structures so far identified are at best quasi-two-
dimensional—here, the term “quasi-two-dimensional” refers
to the case that there is no hidden structure along the thin gel
slab.

In our paper, the wave patterns that arise within the gel
slab is basically considered as a quasi-two-dimensional one.
A typical width of line defect—which is the smallest lateral
object in our two-dimensional “projection image” is a few
tenths of a millimeter being somewhat smaller but compa-
rable to the total thickness of the gel where patterns form. It
is also quite likely that waves form only within a narrower
slab, which is much thinner than the total gel medium: in
other words, there are chemical gradients across the gel slab,
and only a small portion along its thickness may meet the
right kinetic condition for the wave patterns. Such a case is
well known in the studies of Turing patterns, for example, in
Refs. �46,47�. In any case, we do not exclude the possibility
that under some conditions nontrivial three-dimensional ob-
jects may arise in our system. We have not explored this
possibility in any significant way. However, knowing that
very analogous spiral waves and dynamics arise in several
purely two-dimensional model reaction-diffusion systems
�34–39,44� and in effectively two-dimensional self-
oscillating monolayer tissues of cardiac cells strongly sug-
gest us to interpret our experimental observations along the
line of two-dimensional dynamics.

Various important issues are still unexplored. First, so far
we have used only �H+� and �BrO3

−� as a control parameter.
In other words, there are many other unexplored parameters.
For example, the spiral wave dynamics depends sensitively
on the change of the gel thickness or the residence time of
chemical reagents in the reservoirs. Many more experiments
are to be conducted to explore the huge untouched phase
space. Second, we need to establish a theoretical framework
for elucidating the dynamics of line defects in general. Al-
though the existence of line defects is quite generic for P-2
oscillatory spiral waves in general, their spatiotemporal dy-
namics is not well understood. Among others, we need to
derive a suitable equation of motion governing their dynam-
ics. Along this line of viewpoint, we point out that Zhan and
Kapral recently came up with an analytic solution of line
defect based on the Archimedean splay state model �83� and
Sandstede and Scheel is investigating full theoretical descrip-
tion of the line defect structure based on rigorous bifurcation
analysis �84�. Third, all the phenomena regarding line defects
in two-dimensional space can be generalized to three-
dimensional space. Just as the studies on two-dimensional
spiral waves in excitable media have been naturally extended
to various issues of three-dimensional scroll waves, it is puz-
zling to see what would become the extension of one-
dimensional line defect in three-dimensional space. A closely
related issue is to carefully distinguish some possible arti-
facts created by two-dimensional projections of three-
dimensional objects. Some earlier studies in fact suggest that
even in a thin layer of BZ solution nontrivial wave structures
can emerge �85–87�. Finally, we need to examine many other
complex oscillatory systems to see which properties of line
defects are generic and which are not.
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